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Introduction to Transformations

e Transformation changes an objects:
Position (translation)
Size (scaling)
Orientation (rotation)

Shapes (shear)
e Introduce firstin 2D or (x,y), build intuition

e Later, talk about 3D

e Transform object by applying sequence of matrix
multiplications to object vertices




Why Matrices?

e All transformations can be performed using matrix/vector
multiplication

e Allows pre-multiplication of all matrices

e Note: point (x,y) needs to be represented as (x,y,1), also
called



Point Representation

e We use a column matrix (2x1 matrix) to represent a 2D point

y
e General form of transformation of a point (x,y) to (x’,y’) can
be written as:

x':ax+by+c (%" a b c X
or y'|=|d e f|e|ly
1) \0 0 1) 1)

y'=dx+ey+ f



Translation

e To reposition a point along a straight line

e Given point (x,y) and translation distance (t,, t )

e The new point: (x’,y’)

’—
X=X+t

Y=y +t,

or

P=P+T where




3x3 2D Translation Matrix

I use 3x1 vector

(X" 1 0 t)
y| = (0 1t

(%)
y

1) 0 0 1)

L

*Note: it becomes a matrix-vector multiplication



Translation of Objects

*How to translate an object with multiple vertices?
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Transforms in 3D

e 2D: 3x3 matrix multiplication

e 3D: 4x4 matrix multiplication: homogenous coordinates

e Again: transform object = transform each vertice

e General form:

Xform of P
| —
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3D Translation Matrix

=Now, 3D :

translate(tx,ty,tz)
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"Where: xX=x.1 + y.0 +z.0 +tx.1 =x +tX, ... etc



2D Scaling

=Scale: Alter object size by scaling factor (s,, s,). I.€
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2D Scaling Matrix
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4x4 3D Scaling Matrix
(XY (Sx 0 0) (x)
y'i=| 0 Sy O*y
1) (o 0 1)1
(XY (S, 0 0 0) (x
y' _ 0 S, 0 0 Y
Z' 0O 0 S, 0] |z
(1) Lo 0 o 1)1

*Example:
olf SXx=Sy=5z2=0.5
*Can scale:

* big cube (sides = 1) to
small cube ( sides = 0.5)

«2D: square, 3D cube

Scale(Sx,Sy,Sz)



Shearing

(x.y)
(X +y*h,y)

—

Y coordinates are unaffected, but x cordinates are translated linearly

with y
That is:
y'=y X' 1 h O X
X'=X + Yy * h yl _ O 1 O * y
1 0 0 1 1

=h is fraction of y to be added to x



2D Rotation

»Default rotation center is origin (0,0)
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0> 0 : Rotate counter clockwise

0< 0 : Rotate clockwise



Rotation

(x,y) -> Rotate about the origin by 6

- (X,Y)
How to compute (x', y’) ?

X=rcos (¢ y=rsin (¢
X'= rcos (¢g+60) y =rsin(¢+6)

0

(x,y’)

® Xy




Rotation

Using trig identities
cos(@ + @) =cosd cosg —sin@sin @

sin(@ + @) =sin @ cos ¢ +cosdsin @

Matrix form?

X") (cos(@) —sin(@)) x
(y'j - (sin(@) cos(0) j( yj

0

(x,y’)

® Xy

3 x37?



3x3 2D Rotation Matrix

_(cos(f) —sin(0) ) X
_(sin(é’) cos(8) j(y]

;
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Rotation

How to rotate an object with multiple vertices?
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Rotating in 3D

e Cannot do mindless conversion like before. Why?
Rotate about what axis?
3D rotation: about a defined axis
Different Xform matrix for:
Rotation about x-axis
Rotation about y-axis
Rotation about z-axis
e New terminology
X-roll: rotation about x-axis
Y-roll: rotation about y-axis
Z-roll: rotation about z-axis




Rotating in 3D

e New terminology
X-roll: rotation about x-axis
Y-roll: rotation about y-axis
Z-roll: rotation about z-axis

e Which way is +ve rotation

Look in —ve direction (into +ve arrow)

y
CCW is +ve rotation ()

e

ﬁz >



Rotating in 3D

a) the barn b) =70° x-roll

/ |

c¢) 30° y-roll d) —90° z-roll




Rotating in 3D

e For a rotation angle, fabout an axis

e Define:
¢ =cos(A) s =sin(p)
A x-roll:
1 0 0 0)
O ¢c -s O
R —
B=l0 « o o
0 0 0 1)




Rotating in 3D

Avy-roll (¢ 0 s 0 o
0 1 0 0 *Rotate row, column
R = int. | |
y (ﬂ) _g O C O nt.is 1 |
*Rest of row/col is 0
\ 0 0 0 1 J *C,S in rect pattern
A z-roll:
(c —-s 0 0)
s ¢ 0 O
R —
0 0 0 1,




Example: Rotating in 3D

Q: Using y-roll equation, rotate P = (3,1,4) by 30 degrees:

A: ¢ = cos(30) = 0.866, s =sin(30) = 0.5, and

(¢ 0 s 0Y3) (46 )

0 10 01 1
= 5 0 ¢ 0l4|7| 1964

0 00 1)1) [ 1,

E.g. firstline:3.c+1.0 +4s+1.0=4.6
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