,

PREFACE

This book grew out of a text I prepared eight years ago, along similar lines but with a more limited scope [53]. That earlier edition was based on notes for a course I gave in the Department of Computer Science of the Technion in Israel, in 1986. The course was intended for both graduates and undergraduates who were looking for an area in which to specialize. This largely determined the coverage of the course, and consequently, of the text as well. The present version keeps to the same intent, but contains much more material, so that it could be used as a research reference as well.

Frequently, “analysis of algorithms” is synonymous with determining the “complexity class” of an algorithm. This has the objective of finding whether in all cases the resource requirements of the algorithm can be bounded by some specified function of the size of the problem. It naturally boils down to the consideration of some extreme, specifically crafted problem instances. But there is more one can say to characterize the cost of an algorithm. It was probably Knuth’s series titled The Art of Computer Programming, which started out in 1968, that gave this view its first wide exposure: the operation of algorithms was shown to be associated with probabilistic concepts and processes.

Random elements can enter algorithms in two ways. On the one hand, we find “probabilistic algorithms,” which choose part of their actions on the basis of random numbers, that are part of the algorithm specification (normally pseudorandom numbers are used). Numerous algorithms of this class were recently developed, some showing amazing capabilities (primality testing algorithms provide a good early example). On the other hand we find the operation of deterministic algorithms on input data over which some probability measure can be assumed. While these sources of randomness are entirely different, the required analyses turn out typically to be of the same nature in both cases. Both varieties of algorithms can be found among those we analyze in detail. Chapter 1 shows that the second type of algorithmic analysis brings up methodological and conceptual problems that the first need not entail. At the time of writing there is no coherent accepted theory or even complete taxonomy, comparable to standard complexity theory, for these vexing issues.

A recurrent issue in the analysis is the required precision of the results. This is frequently a matter of personal taste. Complexity issues are too often disposed of with the magic adjectives ‘polynomial’ and ‘exponential.’ Within classificatory complexity [v] theory this may be all one needs, but when algorithms are viewed as engineering tools, this is unfortunate—we should do better, and find the functions hidden in such phrases. An example may be in order: Recently, a mathematician better left unnamed here, chuckled about “the amusing habit of computer scientists [to refer to] algorithms with running times like O(n^{120}) and O(e^{0.0001n}) as fast and slow, respectively.”^1 In fact, even comparing humdrum functions such as O(n^2) and O(n^3) is of limited practical use— when a specific range of n is considered—unless we can find information about the multiplicative coefficients hidden there. This book is designed to show the way and provide effective tools.

Prerequisites

The probabilistic analysis of algorithms, as a discipline, draws on a number of branches of mathematics: combinatorics, probability theory, graph theory, real and complex analysis, and occasionally algebra, number theory, computation theory, operational calculus and more. It is unreasonable to expect the students to have more than a cursory knowledge of the techniques we use, so much of the text introduces and explores these methods. Arranging the material for the book, so it could be conveniently used both as a text and as a reference, posed a problem that was solved by departing from the order of the class presentation, collecting most of the methodological material in the first part.

The prerequisites that are assumed are basic courses in discrete mathematics, calculus (including a smattering of differential equations and complex functions), linear algebra, probability theory, data structures, and graph algorithms; all these are required courses in the department. The last two are assumed to impart to the students some algorithmic literacy.

The emphasis throughout is on the analytic and probabilistic aspects, rather than the algorithmic ones. Good texts for the latter exist and are burgeoning; I mention several in chapter 1. Should the text have a chapter on probability theory? or an introduction to the subject, or at least an appendix? The question led to a long debate, and I finally decided against it; this subject has very good books available, at every level of depth and sophistication. Indeed, I am not even aware of all the good sources that exist now, and the bibliography section lists only those recently used in my work, as well as for the preparation of this text. What I did include is chapter 7, with a few topics from probability theory that are outside the basic curricula, and that I have found useful.

Outline

Chapter 1 introduces and establishes the context of the book, and surveys sources and various aids for analysis. Part I of the book (chapters 2−7) is methodological. Chapters 2 and 3 present generating functions and their uses in combinatorics and probability. Chapter 4 discusses the structure of permutations. Chapter 5 deals with integral transforms. These are helpful in asymptotic analysis, which is the subject of chapter 6, by far the largest.

1 Papadimitriou pleads an eloquent case in [80, p. 6ff] for the validity of polynomiality as the criterion for tractability (of problems, rather than specific algorithms). To underline the meaninglessness of the above quip(?), note that a polynomial such as n^{120}, even for n = 2, and expressed in picoseconds, far exceeds the lifetime of the universe as we know it—rather less than 10^{30}ps (bearing in mind that this is written in Texas,

Following the discussion of tools, a few sample analyses are collected in the last three chapters. This proved to be a good opportunity to present a few additional analytical techniques. The choice of the particular algorithms to analyze in detail was a nontrivial issue. The first few are easy, relatively simple ones which are used mainly to introduce the approach. Beyond that I was guided by personal preferences, and to some extent by requests of students in the class, inasmuch as they agreed with the types of analysis I was interested in or able to display. The last reservation hints at some of the difficulty in teaching this subject: for many interesting analyses, the sheer technical complexity (as distinct from their mathematical profundity) is such that presenting them in class is an unjustifiable harassment of the students (and the teacher too, no doubt). Several analyses in which I was involved could serve as illustrations of the problem (e.g., Fayolle et al. [149] – which is presented in part, or Hofri and Konheim [187]). Finally, three chapters were prepared: Chapter 8 on the analysis of resource requirements of algorithms, in the style of Knuth – on searching and sorting. Chapter 9 brings analyses of communications protocols, which lead to very different mathematical structures. Chapter 10 shows analyses of relative efficiency of suboptimal algorithms; it focuses on the bin-packing problem as a typical example.

The exercises are mostly extensions of the text. Some are used to avoid giving much space to technicalities that tax the endurance of the reader and in which students should gain some proficiency in performing on their own. Many complements are given there, to introduce further results and technical material. Answers and many detailed solutions carry this intent further. Occasionally, a large exercise presents a complete research problem, broken down into steps, with hints on the way to proceed.

Given the course (or book) prerequisites, the text is fairly self-contained; I added, however, pointers to further reading whenever it seemed indicated. There was no effort to keep the level of detail in the presentations uniform, and earlier sections tend to be more detailed. In the later sections a larger part of the derivation devolves to exercises.

The material I used in class was, in order of presentation: chapter 1, portions of sections 2.1, 2.2, 7.1, 7.4, selections from chapters 8, 3, 5, and a little from chapter 9. The teaching assistant, beside doing some of the exercises in class, also covered examples from sections 6.1 and 6.2.

The current volume can be used for a few other courses. Here are two examples: Combinatorics for Computer Science (chapters 2–4, selections from section 6.1 and chapter 8); Asymptotic Methods (selections from chapters 2, 3, 5, most of chapter 6, sections 7.4, 9.1, selections from chapter 10).

A good case could be made for including in the book material, tutorials on the various software packages available for symbolic computations. I use these tools often, and I strongly urge the reader to use them as well. The investment of effort needed to know such packages and master their use is anything but trivial, but it will be repaid many times over. Ultimately, it is the plurality of these packages that stopped me. There are several popular products, and while the principles of most appear similar, there are simply too many differences in detail to make any general material useful. Devoting a section to each did not seem warranted, especially since this field is a moving target: new versions and products appear every few months. Such a chapter would have been obsolete shortly after publication, if not before. Since the users of the text are likely to be computer-literate, I hope that giving them this encouragement and providing some pointers in the book about possible applications will provide all the necessary impetus.

Notation

References are cited by author and the corresponding ordinal in the bibliography section at the back of the volume, as in the previous example (Fayolle et al. [149]). I make there no claim for either completeness or historical fairness; these are simply the sources I found useful in preparing the text.

Equations are numbered separately in each major section (2.2, 7.3, etc.). Equation (7) in section 3.2 will be denoted as (7) throughout 3.2, and by (3.2-7) elsewhere; similar notation applies to exercises. The notation (A-1.7) and (C-3) refers to equations number (1.7) and (3) in appendices A and C, respectively. T ||he mark indicates the end of a proof, a theorem which is not followed by a proof, or of an example.

The use of symbols follows a few ground rules: random variables and processes are denoted by capital italics, the values they realize by lowercase ones, and probability distribution-, density- and mass-functions by F, f , and p, respectively, with suitable subscripts. Various types of generating functions are denoted by forms of the letter g, or by the name of the “generated” series or variable. The symbols ℜ and ℑ are for the real and imaginary components of a complex number. Integer indices are usually denoted by i, j, k, l, m, n (shades of FORTRAN?). When a summation index may be nonobvious, as for example, when writing Σ_{i≠k} , we want to specify which of i and k varies, or that they both do, I follow Comtet’s usage and place a dot under the dummy index. The two possibilities just considered would then be denoted by Σ_•i≠k and Σ_•i≠_•k , respectively. There are a few exceptions – most of which result from my attempt, when following an analysis developed elsewhere, to adhere to the notation used there, to facilitate reference to the original paper. Symbols for operators and special functions are collected in the Notation Index, in the back of the volume. Acronyms are expanded in the general index. Starred(*) exercises are those for which no satisfactory solution has yet been worked out.

Acknowledgments

The decision to write the original version was taken following a conversation with Philippe Flajolet; his work over the years inspired much of the material on asymptotic methods in the present book. The following colleagues and students read portions of the text or provided comments and corrections that improved the presentation: David Aldous, Eyal Bardavid, Edward A. Bender, Arnon and Shahar Boneh, John Burke, John Bruno, Luan Cong, Michael Drmota, Guy Fayolle, Aura Ganz, Oded Goldreich, Yaakov Kogan, Zehava Koren, Shay Leshkovitz, George Lueker, Omid Madani, Johann Makowsky, Osnat Meir, Hadas Shachnai, Moshe Sidi, Wojciech Szpankowski, and anonymous reviewers. Their contributions are gratefully acknowledged.

I retain however sole claim to any errors and misrepresentations. Help in further reducing these is avidly solicited. It will be very welcome, and acknowledged.

The sources of problems and exercises are given when known. Many however got first into my notes with no intention of using them in a book, and without a trace where they come from; my apologies to all who find among the exercises their unacknowledged creations. Please let me know so I can rectify this omission in the future.

The general index was prepared with a (slightly modified) version of Bentley and Kernighan’s Indexing Tools [115]. Having started to use it about a year ago, it led me to an unexpected discovery: a detailed index is a great help to the author as well!

The software I used to typeset the book is the GTROFF suite of programs obtained from the GNU project, a reimplementation of the troff system originally distributed with

UNIX. They have done a great job.

Houston, Texas, April 1995. M. H. ,

Contents

CHAPTER 1 Introduction 3

1.1 Criteria for the Performance and Quality of Algorithms 3 1.2 The Analysis of a Very Simple Algorithm 9 1.3 Comments on Sources and Resources 12 Exercises and Complements 13

PART I – TOOLS OF THE TRADE

CHAPTER 2 Generating Functions 19

2.1 Definitions and Examples 19 2.1.1 Definitions of Generating Functions 20 2.1.2 Generating Functions and Sequences 22 2.1.2.1 Operations on Sequences 22 2.1.2.2 Extraction of Coefficients 26 2.1.2.3 Difference Equations, Mostly Linear 32 2.1.3 The Lagrange Expansion Theorem and Applications 37 Exercises and Complements 42 Answers to Selected Exercises 52 2.2 Generating Functions in Probability Theory 58 2.2.1 Probability and Moment Generating Functions 58 2.2.2 Applications of Probability Generating Functions 60 Exercises and Complements 65 Answers to Selected Exercises 70

[x]

CHAPTER 3 Combinatorial Calculus 74

3.1 Elementary Enumeration Methods 75 3.1.1 Definitions 75 3.1.2 Applications of the Sum and Product Rules 77 Exercises and Complements 88 Answers to Selected Exercises 93 3.2 GF Admissible Constructions 101 3.2.1 OGF-Admissible Constructions 101 3.2.2 EGF-Admissible Constructions 106 3.2.3 Operations on Languages 113 3.2.3.1 Counting the Words in a Language 113 3.2.3.2 Probability Generating Functions over Strings 118 Exercises and Complements 124 Answers to Selected Exercises 132 3.3 Operator Methods 139 3.3.1 Definitions of Common Operators 139 3.3.2 Example — Tracking a Growing Process 140 3.3.3 The Difference and Shift Operators 144 Exercises and Complements 147 Answers to Selected Exercises 150

CHAPTER 4 Representations of Permutations 155

4.1 Cycles in a Permutation 156 Exercises and Complements 163 Answers to Selected Exercises 172 4.2 Inversions in a Permutation 179 Exercises and Complements 182 Answers to Selected Exercises 185 4.3 Runs in a Permutation 187 Exercises and Complements 193 Answers to Selected Exercises 195

CHAPTER 5 Integral Transforms 197

5.1 Laplace Transform 197 5.1.1 Definitions and Main Properties 197 5.1.2 Inversion of the Laplace Transform 201

5.1.3 Asymptotic Properties of the Laplace Transform 204 Exercises and Complements 207 Answers to Selected Exercises 208 5.2 Mellin Transform 209 5.2.1 Definitions and Main Properties 209 5.2.2 Asymptotic Properties of the Mellin Transform 215 5.2.3 Harmonic Sums 219 Exercises and Complements 223 Answers to Selected Exercises 227

CHAPTER 6 Asymptotic Methods 233

6.1 Introduction to Asymptotics 233 6.1.1 Asymptotic Notation 234 6.1.2 Summation Asymptotics 236 6.1.3 Euler-Maclaurin Summation Formula 241 6.1.4 Asymptotics from Recursions 246 Exercises and Complements 249 Answers to Selected Exercises 257 6.2 Expansions at Singularities — General Methods 267 6.2.1 Radius-of-Convergence Bounds 267 6.2.2 Meromorphic Functions 268 6.2.3 Singularity Improvement 272 6.2.4 Nonpolar Singularities 275 6.2.4.1 Algebraic Singularities 275 6.2.4.2 Logarithmic Singularities 277 6.2.4.3 Partition-Like Generating Functions 279 6.2.4.4 Sundry Results 280 Exercises and Complements 282 Answers to Selected Exercises 285 6.3 Expansions at Singularities—Special Methods 287 6.3.1 Integral Representations 287 6.3.1.1 The Exponential Approximation 288 6.3.1.2 Rice Method 295 6.3.2 Asymptotic Normality 302 6.3.2.1 Limiting Distributions 304 6.3.2.2 Limiting Densities 309 Exercises and Complements 316 Answers to Selected Exercises 323 6.4 Entire Functions 330 6.4.1 H-Admissibility and HS-Admissibility 331 6.4.2 The Method of Laplace 335

6.4.3 Saddle Point Estimates 337 Exercises and Complements 339 Answers to Selected Exercises 340

CHAPTER 7 Selected Results from Probability Theory 343

7.1 Algorithms and Markov Chains 343 Exercises and Complements 351 Answers to Selected Exercises 355 7.2 Inequalities for Probabilities 357 7.2.1 Hoeffding Inequalities 357 7.2.2 Higher Moments Lead to Better Bounds 360 7.2.3 Inequalities for Martingales 363 7.2.4 Kolmogorov-Smirnov Statistics 366 Exercises and Complements 368 Answers to Selected Exercises 371 7.3 Random Walk in One Dimension 373 7.3.1 The Gambler’s Ruin Problem 374 7.3.2 Unconstrained Random Walks 378 7.3.3 Maxima of the Simple Random Walk 381 7.3.4 Variable Step Size Random Walks 387 7.3.4.1 Wald’s Identity 387 7.3.4.2 Pollaczek-Spitzer Identity 390 Exercises and Complements 392 Answers to Selected Exercises 396 7.4 The Poisson Transform 400 Exercises and Complements 404 Answers to Selected Exercises 406

PART II – TRADE SAMPLES

CHAPTER 8 Searching and Sorting 413

8.1 Searching Algorithms 413 8.1.1 MAX — Locating the Largest Term in a List 414 8.1.2 Binary Searching 415 Exercises and Complements 421 Answers to Selected Exercises 426 8.2 Sorting Algorithms 429

8.2.1 Insertion Sort 429 8.2.2 SHELL Sort 431 8.2.3 Quicksort 437 8.2.4 Linear Probing Sort 441 Exercises and Complements 448 Answers to Selected Exercises 453

CHAPTER 9 Protocols for Communications Networks 461

9.1 The Efficiency of Multiple Connections 461 9.1.1 Disjointly Shared Channels — Capacity Considerations 462 9.1.2 Counting Realizable Configurations 465 9.1.3 Asymptotic Capacity Estimates 469 9.1.4 Configuration Counts via Lattice Paths 472 Exercises and Complements 476 Answers to Selected Exercises 478 9.2 Collision Resolution Stack Algorithms 479 9.2.1 Channel Capacity — Preliminary Analysis 481 9.2.2 Channel Capacity — Asymptotic Analysis 487 9.2.3 Top of Stack Probabilities and Message Delay 496 9.2.4 Message Delay via Renewal Considerations 501 9.2.5 Note on Computations 504 Exercises and Complements 505 Answers to Selected Exercises 509

CHAPTER 10 Bin Packing Heuristics 514

10.1 Introduction and Preliminaries 514 10.1.1 Problem Statement 515 10.1.2 Optimal Bin Packing 516 10.1.2.1 Bounding AA_n(OPT ) with Probability 1 517 10.1.2.2 Lower Bound for AA_n(OPT ) on the Average 519 10.1.2.3 Bounding Probable Deviations of AA_n(OPT ) from Its Mean 520 Exercises and Complements 522 Answers to Selected Exercises 523 10.2 The Next-Fit Bin Packing Algorithm 525 10.2.1 Regularity and Convergence Properties 525 10.2.2 Next-Fit with X ~ U(0, 1) — Expected Values 527 10.2.3 Next-Fit with X ~ U(0, a) — Expected Values 528 10.2.4 The Distribution of AA_n(NF), When X ~ U(0, 1) 532 Exercises and Complements 536

Answers to Selected Exercises 540 10.3 The Next-Fit-Decreasing Bin Packing Algorithm 542 10.3.1 Direct Evaluation of Bin Requirements 543 10.3.2 Refinement of the Limit 546 10.3.3 A Look at FFD 549 Exercises and Complements 552 Answers to Selected Exercises 554 10.4 Dual Bin Packing Problems 555 10.4.1 The Bin Covering Problem 555 10.4.2 The Maximum Bin Packing Problem 560 Exercises and Complements 561 Answers to Selected Exercises 563 Appendix A: Binomial Coefficients 565 Appendix B: Stirling Numbers 570 Appendix C: Inequalities 574 Appendix D: Common Random Variables and Distributions 578 Appendix E: Frequent Recurrences and Equations 579 Appendix F: Complex Analysis — Definitions and Theorems 581

Bibliography 590 Notation Index and numerical constants 603 Index 606

List of Figures

Figure 1–1: A Turing machine 1-adder 10 Figure 1–2: Add one, the Turing way 11 Figure 2–1: A sample lattice walk on the positive integers grid 35 Figure 5–1: Integration contour for equation (5.2-7) 211 Figure 5–2: Hankel loop contour 214 Figure 6–1: Schematic diagram for the Euler-Maclaurin summation formula 242 Figure 6–2: Integration contour for equation (6.3-13) 291 Figure 6–3: Contour for part II of Example 6.3-2 298 Figure 6–4: Integration contour containing a saddle point. 338 Figure 7–1: A Markov chain representation for a random algorithm 345 Figure 7–2: Sample lattice walks on the grid of integers 376 Figure 8–1: The algorithm MAX 414 Figure 8–2: The algorithm BS − a recursive form 416 Figure 8–3: The algorithm BS − first iterative form 418 Figure 8–4: The algorithm BS − second iterative form 419 Figure 8–6: INSERT sort procedure 430 Figure 8–7: SHELL sort 431 Figure 8–8: Plane grid representation of a 2-sorted permutation 433 Figure 8–9: Quicksort − a purely recursive version 437 Figure 8–10: An array after processing by pivot 437 Figure 8–11: Linear Probing sort 441 Figure 9–1: Network Topologies 462 Figure 9–2: A k-cable 2N-node 463 Figure 9–3: An example of a “full” cnv 466 Figure 9–4: Lattice path representation for a cnv 472 Figure 9–5: State diagram for a user stack evolution. 480 Figure 9–6: The effect of σ_1 and σ_2 486 Figure 10–1: Example of optimal and Next-Fit packings 515

List of Tables

Table 2–1: Transformation rules for sequences and GFs 23 Table 3–1: GF-admissible constructions 103 Table 3–2: EGF-admissible constructions 108 Table 5–1: Common Laplace transforms. 199 Table 5–2: Functional relations for the Laplace transform 201 Table 5–3: Common Mellin Transforms. 210 Table 5–4: Functional relations for the Mellin Transform 213 Table 6–1: Values for the Bernoulli polynomials and numbers 244 Table 7–1: Variables and distributions describing random walk 393 Table 8–1: The first 32 values of the function b(n) 420 Table 8–2 Binary search statistics 424 Table 8–3: Probability of exceeding a specified overflow buffer 448 Table 9–1: Values of i_k (N) and t_k (N) 470 Table 9–2: Values for q_k (z) and v_k (z) 470 Table 9–3: Efficiency of the Realizable Configurations protocol 471 Table B−1: Stirling numbers of the first kind 571 Table B−2: Stirling numbers of the second kind 572 Table D–1: Discrete Random Variables 578 Table D–2: Continuous Random Variables 578