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(- (2)-0r(2)- ()G e

k
1/2 & n—k 2
n n n n 1 /1 1 1 1 1 1 1 1
<k>_<27rk(n—k)> (%) (n—k) 8 1+12<n_k_n—k)+288(n_k_n—k>+0<kn(n—k)>] @4
r N r+s r s r+s ,
§’<m+k) (n—k) = <m+n) = (b) §’<m+k) <n+k> = <r—m—|—n) r € Zo, m,n € Z. (Vandermonde’s conv.) 3.1
Z(r—k) (s+k):<r+s+1> RS 5>0, rm> 0. Z( l )(s+k)(_1)k:(_1)l+m(s—m> >0, 32)
=\ m n m+n+1 T~ \m+k n n—1
r—k s Lk v s—m—1 prh—=k\(p\, \_(h
kSr( m )(k_t>( f=(-1) (r_t_m)rm€Z>07t€Zpﬁ+;( L )(k)( 1) <m : (3.3)
n+1Y\ (k aifn—] _ n+o n+ﬁ> (o) (H—l) P-Jacobi polynomial
=2 jE€Z0; (b t— )PP (o) T (34
;§<2k+1><j> ( j )"’ =0 ”;( k )( _g)r == 1—1) G&R8.96. (3.4)
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(U2)w o (W)aZ" . o L . (a:q)w  Cauchy identity
(Z)w - ,;) (q)n 9 Wlth (Cl)n - (a?q)n = e (1 7(1(,]) (a’q)() - 1’ (G’Q)I - (aqt;q)ma q—Pochhammer symbol (59)
(a)"(b)"t" = (b)=(at)e Z (C/b)k(t)kbk Heine’s transformation (5.10)
=0 (©)n(@)n (©)ee(t)ee (S (at)i(@)i
Y aAby = aby; '11+1 — Y (Aax)biy summation by parts. 6.1)
k=1 k=1
Y min (x;,x;) =2 ix(; Zx, where x(1) > x0) > - > x(y) (6.2)
1<i,j<n i=1
1 (IR |
— . — . > .
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[mx e dxa(2j+l)/2r(]+2> = i ® E[(N(o,o )) }o S =e¥ei-nn (6.6)
/ T e Pax— Jaja, (b / T ealtbrgy— mlad (o) / T ematibrgy \/n/aeb2/4“<l>(b/\/i). 6.7)
e o 0
/ xe*‘szr'”‘anZi—|—é E/aebz/““d)(b/\/zia), (b)/ xef”’xzwxdx:é\/?r/aebz/‘m (6.8)
0 2a  a e a
® ok e, (2K)!/m/a /°° Gt —ax? ,_ K!
/0 x“e dx_72(4a)kk! , (b) A x" e clx—izak+1 see (6.6) (6.9)
4 " “ B [.pj- 2j1] 1 /" 2mt1]
k)= 1/2 1 22 g2 — iy s — [ B, dx. 6.10
L= @+ 1720+ F 01+ X ) =PI g [ B (GNP ) (6.10)
n n n+1 n n—1 n
3]+ 5] = { > J—M- { > J—M‘l 11
Biso:1,—1/2,1/6, (even) — 1/30,1/42,—1/30,5/66, —691/2730,7/6,—3617/510,43867/798, —174611/330 (6.12)
2 ST n+1
)= ldd . —n)=(— > 1. )
C0=9)= i cos( . )r(s)g(s), C(1—n)=(—1)""'B,/n, n> 1 (6.13)
noo . VB, 1 v v+l
k;k ={(s)—C(s,m+1); vE(v+1,m+1) E)ﬂmm = i T T M (see (6.12)) (6.14)
1 (x>1/2) (x— ¥ (x>0) 1 (xz— 1 >2k+1
In - 1— <1. 1 = = — | —— . 6.15
( +x) ; P2 rx X ‘x| n(x) kgl ok & 2k+1\x2+1 ( )
1—®(x) ~ @(1 —x243x71) (A&S,262.12), erf(x) =2® (xxﬁ) —1. (6.16)
X
INEQUALITIES
Markov: % <P{|X| > a} <IE{<|X> ] rn>0. (7.1)
a

s.sup [X|" ~

This is the best possible when the only information is that X is non-negative and with finite mean. When it is also known that X is

X-M
a

n
unimodal about M, then  P[|X — M| >d] < ( _7_1) E {
n

]
Inequality (7.1) for integer rv’s and n = 1 becomes: P(X > 0) < E[X]. also for any rv P(X = 0) < o*/E[X°].

Bienayme—-Chebyshev: P{|X| >} <t 2E[X?] same as the RHS of (7.1) for n = 2.

O

(7.2)

(7.3)
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G2
Chebyshev —Cantelli: P{X —pu >t} <

7.4
o2 +12 (7.4)

Both (7.1) and (7.3) are special cases of the following, more general inequality (Loéve, “Probability Theory” Vol I, p. 159): Let X be an
arbitrary r.v. and g on R be a nonnegative Borel Function. If g is even and nondecreasing on [0, +0) then, for every a > 0

Elg(X)] — Elg(X

Lotve: —8XN=8@) _pry o o ElX)] (1.5)
a.s.supg(X) gla)

If g is nondecreasing on R, then the middle term is replaced by P[X > a], where a is an arbitrary number. U

Let X1,X5,...,X, be independent rv’s with I[-EXIA2 < oo, and Sy the sum of the first k X;’s. Then, for any € > 0

2
O,
Kolmogorov: ]P’( max [Sy —E[S]| > s) <2 or=V[S) (7.6)
1<k<n €
This also holds when S, is a martingale. For n = 1 (7.6) reduces (7.3). O

LetX;, | <i<nbeiid. boundedrv’s, 0 <X; <1, u=E[S=ZXX;]/n,then, for0 <r<1—pu:
m utt 1—p 1—u—]"
) ()

log(=E) 0<pu<t
g(u) = {1 2 H 1o <§ Note : g(u) >2, WVu.
eeEy 1S H

Hoeffding: P[S—nu > nt] < <exp(— ntzg(u)) <exp(-— 2nt2), 7.7

where

For t > 1 — u the first bound in the right-hand-side in (7.7) is 0, and for t = 1 — u it equals u”. (Hoeffding, J. Am. Stat. Ass. 58, 13-30,

1963). The right-most inequality is often named after Chernoff. ]

The combinatorial Bonferroni inequalities are easily adapted probability measures (Comtet, pp. 192-3). Let A = {A;,1 <i<n} be a

set of events in some probability space €2, associated with a measure [P, and define the probabilities S; as the sum of probabilities of

occurrence of the intersections of all k-strong subsets of these events: Sy =P(Q), S; = Z P (A,-IA,-2 .- 'A,-k). Then the sum
1<ij <ip<--<ix<n

Yi_, (=1)kLs, satisfies the alternating inequalities:

(UA>+i(—1)ij] >0 (=D

J=1

Bonferroni: (— 1

<QA>+ZI(‘,(—1)J‘+'S,1 >0 1<k<n (7.8)

Jj=0
For k = 1 the above reduces Boole’s inequality. g

Let i; be moments of X, and L(s) its LST. L( ) is absolutely monotone, and

2n—1 ”l 2n [J,’(*S)i
Laplace-Stieltjes Transform: Z <L(s) < Z —— Vnx>L (7.9)
. i!
Jensen: E[u(X)] > u(E[X]) when u(-)is a convex function. O (7.10)
n n n
Chebyshev: n Z agby > Z ay Z by where {a;} and {b;} are monotonic, both increasing or decreasing, (7.11)
k=1 k=1 =1
If the senses of monotonicity are opposite, reverse the inequality sign. g
n n e s/, 1/q
Holder: ) |abi| < (Z\akv’) <Z|bk|q> forp>1,g>1landp'+g ' =1 (7.12)
k=1 k=1 k=1
The Cauchy-Bunyakovsky-Schwartz (CBS) inequality is obtained for p = ¢ = 2. The analogue holds for integrals. O
The CBS inequality also leads to the following (in Vitter & Krishnan, JACM 43, #5 p.785):
2
n n
Amit-Miller: (Z |pk — rk|) <2 Z prIn(py/ry), for any two n term PMFs p and r (7.13)
k=1 k=1
n
Gibbs: Z prlog(pr/ri) >0, for any two n term PMFs p and r (with equality if the PMFs coincide). (7.14)
k=1

(ngE

1/p n 1/p
a§j> + <Z bf) . for p>1anday, by >0,Vk. (7.15)
k=1

1/p
ak+bk > < <
k

Minkowski-I: (

HM:

1
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The analogue holds for integrals.

n

1/n

n n

Minkowski-Il: [ (1+a) > | 1+ (Hak> . for a; > 0 for all k and integer n.
k=1 k=1

n n
1/k i
Carleman: Z (araz---ay) / <e Z a;  for a; > 0 for all k, and an integer n.
=1 k=1

O

(7.16)

(7.17)

On the interval [a,b] let f(-) be real and continuous and let there be a family (not necessarily finite) of real and continuous orthonormal

functions, {y,(-)}, then

Bessel: { / F)w(x dx} / f )dx, The conditions on f, which may be complex, can be relaxed.

. amb, T
Hilbert: -
,;’1 m+n  sin(mw/p)

unless one of the series vanishes identically. (More on this in Hardy, Littlewood and Pélya, Chapter IX).

Al/Ppl/a, when p,g>1,1/p+1/g=1,%,ah <A, X,b% <B.

n m
n+1m—1
The wedge inequality: |(aVDb)—(cVd)| <|a—c|V|b—d| a,b,c,d € R; V :selection of the maximum :
The inequality holds also for functions instead of numbers, with | - | replaced by any p-norm, p > 0.

interpolation:

n n
The ratio inequality: Zai/ Z b; < ml?x % ag, by e RT,
! j:1 k

Let A, G and H denote the arithmetic, geometric and harmonic means of {a} = {a;,1 <i <n}, given by
The Three Means: A=) a;/n, G= [Ha,-]l/”, H= [Zai*]/n]*1

The standard relation A > G > H can be generalized as follows: Let M;{a} = (% Y.al) 1/t then
Power-means (Arnon): t; >t =M, {a} > M,,{a}. Known as Lyapunov inequality in probability.

—1 n—m+1
(n ) <1, l<m<n. fx)=x"(1-x)""P, pec(0,1)is maximized at x = p.
n

(7.18)

(7.19)

O

(7.20)

(7.21)
0

(7.22)

(7.23)

(7.24)

A, G, H correspond to t = 1,0,—1. As t — doo, M;{a} approaches max{a} and min{a} resp. The power-means ineq. can be further

generalized with weights: Let p be a PMF, and Ef {a} := (¥ pia})!/", then

Weighted power-means: 1, >, —E{ {a} > E} {a}. O (7.25)
Let N;{a} := (La!)'/*, with all @; > 0, then
Norm monotonicity: 7, > =N, {a} <N, {a}. (7.26)
The Jackknife inequality (Efron & Stein Ann. Statist. 9, 586-596, 1981).
Let {X;}, 1 <i<mnbei.idand H a symmetric measurable function over n — 1-dimensional vectors.
Define Sl' = H(Xl, cee ,Xi,17X5+1, cee ,Xn), and S = Z?ZIS,'/}’!. Then
n
The Jackknife inequality: V {H(Xl,...,Xn_l)] <E [Z (S; —S)2] . (7.27)
i=1
n i—1 3q n )
Shachnai: 0<g< 1,4 >0, lzzlalq Zaj < 2 Z i (7.28)
Shown in A. Bar-Noy, M. Bellare, M. Halldorsson, H. Shachnal, T. Tamir, Inf. and Comput., 140, 1998, 183-202.
. . . 4" 2n 4 ny\k n n" en\k
Binomial coefficients: (a) N < ( i ) < NeTERE (b) (%) < (k) < {kk(n—k)"k’ (?) } . (7.29)
Logarithm: 1211 x “logx =0, (b) lin(l)x“ logx=0, Ra>0 (c) Inx < n(x'/” —1),x>0,neZ4 (7.30)
X—roo X—
%<ln(l—|—)c)<x7 0#£x>—1, (b)x<—1n(1—x)<li, 0£x<1, (c) nx<x—1,x>0 (7.31)
X —Xx
1 X
[log(1+2)| < —log(1—1z]). |7 < 1. (b) <1 + > x > 0 is monotonic incr. (7.32)
x
x 1
Exponent: ¢ 7= < 1—x<e *, x€10,1), (b) 1 >x<l)e>14x (o) T xx <l—-e*<x, (x>-1). (7.33)
y .
l4x>eliix>—1, (b)e > (1 +x> >e xy>0 ()| —1] <l —1 <zl allz. (7.34)
y
Let m, = E[|X —EX|%], a € R, then m,l/a is a monotonic increasing function in a. See (7.24) 8.1



Hofri: formulae collection . .. %

1
/ OFF’dp =[E(X"), where F), is the p-fractile of the rv X : IP’(X < Fp) =p. (8.2)
-
u i d
Z/ [1—G(u—1)]g"(t)dt = G(u), g(t) = 3;’) : 1 —®(x) ~ @ (1—x243x% ) (A &S, 26.2.12). (8.3)
i>171=0

For the M/G/1 queue: PGF of customers in system, mean value and variance, where S(z) is the LST of the service time distribution and
o, is E(S"):

8@ 4 _ B - Aoy Aoy
g(z)poz_g(z)vxf(z)i(zlkz),l“pg1AE(S)1(p7 )E(X)p+2(1_p)a E(W)*m (8.4)
o3+ 3470, o s(1—p
E(X*) =E(X)+ 3(1—-p) 2(1—;)2’ W(S)ZAS(S)—MS'

For the M /G /o queue: if arrivals are in batches where the batch size has the PGF A(z), and F(+) is the service time CDF, the number in
queue has the Poisson distribution only when A(z) = z:
The Expected length of a bp and of the number of customers served in a bp are given by

67Lg -1 A
E[B] = ——. E[N]=ac*®, a=A'(1), &= / (1—A(F(r)))dt. (8.5)
When A(z) =z, § = E[S], E[B] = (e? — 1) /A, E[N] = eP. (Shanbhag, J. Appl. Prob. 3, 274-279 (1966)).
Volume of an n-dimensional ball of radius R: ~ V,,(R) = 2/"/?Iz"/2IR" jn1t = 2"/2R" /T (n/2+1).  A,(R) = dV,(R)/dR (8.6)
d
Number of grid points in a complete corner of d-dimensional cube of side m: (m + ) 8.7
m
Moments of N(a,6%):  E(X —a)” = (2r)!6¥ /2’ T(r+1). E|X —a|" =2"T((r+1)/2)6" /v, odd r (8.8)

The eigenvalues of an n-circulant with first column ¢ are given by

2
A =+/nWc, where Wy, = exp <i:jk> ) (8.9

GENERIC EQUATIONS

The general linear differential equation of first order:

Y (x) + h(x)y(x) = g(x), 9.1¢)
with A(-) and g(-) known functions, and a prescribed boundary value yy = y(xp), has the general solution
yx) =/ (C + / gefhd"dX) , O 9.15)

where the constant C is determined from the boundary value.

The Bernoulli equation is y' + p(x)y = ¢(x)y"; the substitution v = y! = linearizes it to v/ = (n — 1)[p(x)v — g(x)].
Homogeneous Ricatti equation with constant coefficients, aka logistic equation (a particular case of Bernoulli equation):

f'(x) =af*(x)+bf(x), f(0)=a, where a and b are constants, has the solution (9.2¢)

aebx
1 —aob (et —1)’

The general linear first order difference equation

fx) =

(Goulden and Jackson, 1984). (9.25)

ary1 = O+ Brag;  t > m, with ay, {04}, {Br} known, (9.3¢)
has the solution
Z a; H B,+amHﬁ, t>m (9.3s)
J=moi=j+1
Special cases: Constant o and f3
a1 =0a+Ba; t>m — atlfﬁ+ﬁ””< &) t>m. (9.3c)
Pure linear f3;, constant o;:
air1 =b—+ica;, i>1, ajgiven (9.5¢)

ai=(i— 1)l ay +b(ei—1(1/c)—1)], i>1. e,(u) — the incomplete exponential function. (9.5s)



Hofri: formulae collection

Functional equation: a(x) and b(x) given functions and |p| # 1.
F(0) = alx) +b(x)f(px), A=limpi, f(A)known.
i—yo0

In the region where the following sums and products converge, the solution is given by

10 = ¥ a(p') ’130';,<pfx> T

j>0 i>0

T(n) =n(lgn)? ' 42T (n/2), g€N = T(n)~ (n/q)(lgn)’.

Standard quadratic equation: ax’ +bx+x=0 = X12 = 5
a

—b++vb? —4ac

(9.6e)

(9.6s)

0.7

9.8)



